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Presentation Notes
I would like to thank 3D Metrology Conference for giving me the opportunity to present this paper.
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Presenter
Presentation Notes
At the 2012 LVMC I presented a paper titled “Spinning Mirror Laser Radar Kinematics” which modeled kinematic errors of laser radar scanners similar to Surphaser.  Two of the slides modeling the measurements uncertainty used in that presentation are shown.  The RED dots are when Delta Horizontal Angle = Delta Vertical Angle ( Dq = Dj ).  BLUE dots are when Delta Horizontal Angle < Delta Vertical Angle ( Dq < Dj ).
During Q&A I was caught flat footed when asked why the uncertainty region collapsed to a disk near the zenith.  I had not thought to question this myself, and promised to look into it.
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Today
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Cerro Pachón, Chile  2647 m (8684 ft)
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Presenter
Presentation Notes
Fast forward to today.  I am a consultant for the Large Synoptic Survey Telescope – specifically looking at the alignment of the telescope structure.  It is an 8 meter angle telescope being built in the Chilean Andes.  It will have a tracker mounted at the center of the lower mirrors (slightly visible in the rendering).  The tracker will be measuring the location on the peripheries of the mirrors and camera.  Mirror 2 and the Camera entails measurements at high elevation angles which got me thinking about the measurement uncertainty issue of point clouds going from spheres to disks.

Roughly 6 years later, I hope this paper partially answers the question.  This paper is follows my journey looking at the tracker uncertainty.  



Monte Carlo Uncertainty

• Starting with the Spherical to Cartesian transformation, iteratively 
add errors ∆r, ∆θ and ∆ϕ to the range and angles

• Δ𝑥𝑥 𝑟𝑟,𝜃𝜃,𝜑𝜑 = 𝑟𝑟 + Δ𝑟𝑟 cos 𝜃𝜃 + Δ𝜃𝜃 sin 𝜑𝜑 + ∆𝜑𝜑
• Δ𝑦𝑦 𝑟𝑟,𝜃𝜃,𝜑𝜑 = 𝑟𝑟 + Δ𝑟𝑟 sin 𝜃𝜃 + Δ𝜃𝜃 sin 𝜑𝜑 + ∆𝜑𝜑
• Δ𝑧𝑧 𝑟𝑟,𝜑𝜑 = 𝑟𝑟 + Δ𝑟𝑟 cos 𝜑𝜑 + Δ𝜑𝜑
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Presenter
Presentation Notes
I was able to duplicate the sphere to disk phenomenon using a spherical to cartesian transform (S2C). 
Equations for S2C transformation were evaluated with gaussian random values (Dr, Dq, Dj) added to nominal values (r, q, j) creating point clouds about the nominal locations.  Tens or hundreds of iterations are performed and the point cloud slowly appears with each iteration.



Monte Carlo Uncertainty
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Presenter
Presentation Notes
One thousand points per cloud shows the point cloud structure flattening as the point clouds go from equator to zenith.  Viewed in the X-Z plane the clouds appear spherical.  Viewed in the Y-Z plane the spheres flatten as they approach zenith.  

A typical explanation for the change in shape is that as the vertical angle approaches zenith the lines of longitude converge at the poles.  So, the longitude separation at the equator allowing for spherical point cloud is squeezed into a disk as the bounding lines of longitude converge at the poles.
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Linear Propagation of Errors

• 𝑈𝑈𝑥𝑥 𝑟𝑟,𝜃𝜃,𝜑𝜑 = 𝐷𝐷∆𝑟𝑟𝑥𝑥 𝑟𝑟, 𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝑟𝑟2 + 𝐷𝐷∆𝜃𝜃𝑥𝑥 𝑟𝑟, 𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝜃𝜃2 + 𝐷𝐷∆𝜑𝜑𝑥𝑥 𝑟𝑟, 𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝜑𝜑2

• 𝑈𝑈𝑦𝑦 𝑟𝑟,𝜃𝜃,𝜑𝜑 = 𝐷𝐷∆𝑟𝑟𝑦𝑦 𝑟𝑟,𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝑟𝑟2 + 𝐷𝐷∆𝜃𝜃𝑦𝑦 𝑟𝑟,𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝜃𝜃2 + 𝐷𝐷∆𝜑𝜑𝑦𝑦 𝑟𝑟,𝜃𝜃,𝜑𝜑 2 ⋅ Δ𝜑𝜑2

• 𝑈𝑈𝑧𝑧 𝑟𝑟,𝜑𝜑 = 𝐷𝐷∆𝑟𝑟𝑧𝑧 𝑟𝑟,𝜑𝜑 2 ⋅ Δ𝑟𝑟2 + 𝐷𝐷∆𝜑𝜑𝑧𝑧 𝑟𝑟,𝜑𝜑 2 ⋅ Δ𝜑𝜑2

JDP Metrology Consulting @ 3DMC 2018 6

Presenter
Presentation Notes
This same sphere to disk scenario also plays out using linear propagation of errors. 

 The partial derivatives of the S2C transform (shown on slide 3) with respect to the measurement uncertainties – Dr, Dq and D – as functions of a measurement’s position – r, q and j – are computed using the equations from slide 3.



Linear Propagation of Errors
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Presenter
Presentation Notes
This is a plot of the X, Y and Z uncertainties for the geometry shown on slide 4 ( r = 1, q = 0, Dr = Dq = Dj = 0.1 ) as a function of zenith angle, j.  

At the equator ( j = 90 deg ) all the uncertainties equaled, so the 3D shape of the uncertainty cloud was spherical.  

As the zenith angle decreased toward zenith (j = 0 deg) the Y uncertainty term went to zero creating a disk at zenith.  

Plotting the parameters in the X-Z plane resulted in round clouds similar to the X-Z plane on slide 4, and plotted in the Y-Z plane round clouds flattening to a line similar to the Y-Z plane on slide 4.




Discussion

• Intuitively, the flattening at the poles made no sense
• Sighting through a theodolite telescope, visually there is lateral 

variation of the same order at all vertical angles: the field-of-view 
(FOV) does not squeeze into a plane

• The same is true for spherical instrument such as a tracking 
interferometer: both the receiver optics and quadrant detector in the 
tracker feedback loop have lateral variation at all angles.

• Something is amiss with the spherical to cartesian model
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Presenter
Presentation Notes
Intuitively, the flatting at the poles does not make sense, and that was the gist of the question at the 2012 LVMC.  



Instrument Convolution

• 𝑚𝑚 𝑡𝑡 = 𝑥𝑥 𝑡𝑡 ∗ 𝛿𝛿 𝑡𝑡 = ∫−∞
∞ 𝑥𝑥 𝜆𝜆 ⋅ 𝛿𝛿 𝑡𝑡 − 𝜆𝜆 𝑑𝑑𝑑𝑑 = 𝑥𝑥 𝑡𝑡

• Tape Deck example

• 𝑚𝑚 𝑡𝑡 = ∫
𝑡𝑡−𝑇𝑇2

𝑡𝑡+𝑇𝑇2 𝑥𝑥 𝜆𝜆 𝑑𝑑𝑑𝑑 = ∫−∞
𝑡𝑡+𝑇𝑇2 𝑥𝑥 𝜆𝜆 𝑑𝑑𝑑𝑑 − ∫−∞

𝑡𝑡−𝑇𝑇2 𝑥𝑥 𝜆𝜆 𝑑𝑑𝑑𝑑

• 𝑚𝑚 𝑡𝑡 = 𝑥𝑥 𝑡𝑡 ∗ 𝑢𝑢 𝑡𝑡 + 𝑇𝑇
2
− 𝑢𝑢 𝑡𝑡 − 𝑇𝑇

2

• Spherical Instrument (e.g. Telescope & Tracker) example
• 𝑚𝑚 𝜃𝜃,𝜑𝜑 = ∫𝜃𝜃−Δ𝜃𝜃

𝜃𝜃+Δ𝜃𝜃 ∫𝜑𝜑−Δ𝜑𝜑
𝜑𝜑+Δ𝜑𝜑 𝐹𝐹 1, 𝜆𝜆, 𝜂𝜂 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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Presenter
Presentation Notes
Considering other possible models for uncertainty modeling, I thought about Instrument Convolutions.  

Instrument convolutions look at the relationship between the incoming signal with the instrument which produces the measured value.  In general, instruments are considered perfect, so are modeled as delta functions.  The convolution with a delta function results in the incoming signal equaling the measured value (top equation).

An imperfect instrument example is a tape deck.  The width of the read head is not a perfect instrument, i.e. not infinitely thin.  The result is a convolution of the incoming signal with a hat functions.  That is, measured signal is a function of the aperture modeled by the hat function.  This produces a running average creating some distortion, and note that as its aperture gets infinitely thin the measured signal has less distortion.  

Maybe the instrument convolution could be modified to describe the instrument uncertainty.  I did not see an easy way to do this.  But …
Analogous thinking about a spherical instrument indicated that I should think about a constant uncertainty region.  The spherical instrument integral shown will have the same size region no matter the pointing direction, q and j.



Uncertainty Regions with Constant Area
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Presenter
Presentation Notes
The surface region on a unit sphere for the Monte Carlo method shown on slide 3 is the “spherical coordinate frame” region on the left.  It is in a global coordinate frame and its area is not constant – largest at the equator, collapsing as the region approaches zenith and nadir.

The surface region on the right is the area for the instrument integral on slide 8.  It is in a local coordinate frame and its area is constant for any position on the unit sphere.

Now the challenge is to come up with a model that keeps the “aperture” constant.












Spherical coordinate frame

Area not constant

Local coordinate frame

Area constant



2×Dq

2× Dj

2× Dj

2× Dq  × sinj

















Vector Field Solution

• Measurement Vector (on-LOS) + Uncertainty Field (off-LOS)
•

•

•
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Presenter
Presentation Notes
The second method used the S2C transform for the basic vector, then added an vector field to the end of that vector.  

This is in keeping with the idea of using a constant uncertainty region, the uncertainty vector was designed as the measured vector (on-LOS – first line in each equation) added to a separate uncertainty vector (off-LOS – second line in each equation) that creates the uncertainty field at the end of the on-LOS vector.

Each off-LOS uncertainty value is a function of Dr, r × Dq and r × Dj.  So with r = 1 the base of the off-LOS vectors are on the unit circle.  The off-LOS vector field is also a “local” coordinate frame which the various sines and cosines in the second line of each equation keeps aligned with the on-LOS vector.



Monte Carlo Uncertainty (compared)
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Presenter
Presentation Notes
The new model point clouds are superimposed on the S2C transformation point clouds.  

The point clouds remain spherical at all angles.
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Linear Propagation of Errors
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Presenter
Presentation Notes
Linear propagation of errors on the equations from slide 13 show that the uncertainties are constant for all angles.  

Note that the derivatives are with respect to of Dr, Dq and Dj, not r, q and j.



∆θ = 10 × ∆ϕ
∆ϕ = 10 × ∆θ

Robustness

• The point clouds keep their shape at all angles
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Presenter
Presentation Notes
The robustness testing for the new solution shows that point clouds behave as expected – they are the same shape at the equator and poles.




Dq = 10 × Dj

Dj = 10 × Dq
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Solution with Simple Kinematic Tracker Model 
using PSD Uncertainty
• Trackers PSD detects lateral error from the retro-reflector and drives 

servo motors, keeping the laser pointed at the retro-reflector
• The tracker PSD is the “aperture”

• it senses the laser return 
• initiates control signals. 
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Presenter
Presentation Notes
Trackers use a position sensing device (PSD, e.g. quad cell and lateral effect cell) to detect lateral error from the retro-reflector and drives servo motors that keep the laser pointed at the retro-reflector.  

The tracker PSD is the “aperture” because it senses the laser return and initiates control signals.  

Ideally, when measurements are recorded, the laser is at the center of the retro-reflector so, indicating that the laser spot is centered on the PSD.  However, this may not be the case because of air turbulence and motion of the retro-reflector.  The slight off-center errors on the PSD can be used to correct position measurement of the retro-reflector and thus make the measurement more accurate.  



PSD and the Tracker

• The PSD does not rotate, so the azimuth angle, θ, keeps the A and B 
signals aligned with the alidade

• ∆𝑢𝑢
∆𝑣𝑣 ≈ cos 𝜃𝜃 sin𝜃𝜃

− sin𝜃𝜃 cos 𝜃𝜃 × 𝐴𝐴
𝐵𝐵

• Examining the values ∆u and ∆v with the tracker is pointing at the 
equator shows:

• errors in the horizontal angle are proportional to ∆u
• errors in the zenith angle are proportional to ∆v

• However, at zenith:
• errors in the horizontal angle are not proportional to ∆u
• errors in the zenith angle remain proportional to ∆v

JDP Metrology Consulting @ 3DMC 2018 16

Presenter
Presentation Notes
The PSD errors A and B, can be rotated by the Azimuth angle of the instrument.



Standing Axis Errors

• Two types of standing axis errors
• Tilt in the trunnion axis
• Mis-mounting of the laser (telescope) on the trunnion axis
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Presenter
Presentation Notes
Note that the tilt of the trunnion has an error at zenith and no error at the equator.
Whereas the mis-mounting of the laser has a constant error for all zenith angles.

The tilt of the trunnion axis seems to correspond to the PSD error when the laser is pointed at zenith.

Note also how these two standing axis errors interact with 2-face measurements, and provide a rational for doing 2-face measurements at “level” and “high” or “low” zenith angles.

This figure is from my 2017 CMSC presentation on Gravitational Droop of Side Mounted Instruments.



PSD to Tracker Errors

• At zenith the lateral motion ∆u cannot translate into a horizontal 
angle, but instead translates to a standing axis error. 

• ∆u needed to be allocated between the azimuth component, ∆θ, and 
a standing axis component, ∆ξ.

• ∆𝜃𝜃 ≈ 1
𝑟𝑟
⋅ ∆𝑢𝑢 × sin 𝜑𝜑

• ∆𝜑𝜑 ≈ 1
𝑟𝑟
⋅ ∆𝑣𝑣

• ∆𝜉𝜉 ≈ 1
𝑟𝑟
⋅ ∆𝑢𝑢 × cos 𝜑𝜑

• ∆u and ∆v are preserved 
• Δ𝜃𝜃2 + Δ𝜑𝜑2 + Δ𝜉𝜉2 = Δ𝑢𝑢2

𝑟𝑟2
+ Δ𝑣𝑣2

𝑟𝑟2
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Presenter
Presentation Notes
Du and Dv are converted to angles by the division by r.

There may be other ways to allocated between Dq and Dx.




D-H Transforms

• D-H Transforms are a method for creating kinematic equations
• The following is a simple tracker model

• 𝑅𝑅𝑅𝑅 𝜃𝜃 ⋅ 𝑅𝑅𝑅𝑅 𝜑𝜑 ⋅ 𝑇𝑇 0,0,𝜌𝜌

=

cos 𝜑𝜑 cos 𝜃𝜃 − sin 𝜃𝜃 cos 𝜃𝜃 sin 𝜑𝜑 𝜌𝜌 cos 𝜃𝜃 sin 𝜑𝜑
cos 𝜑𝜑 sin 𝜃𝜃 cos 𝜃𝜃 sin 𝜃𝜃 sin 𝜑𝜑 𝜌𝜌 sin 𝜃𝜃 sin 𝜑𝜑
− sin 𝜑𝜑 0 cos 𝜑𝜑 𝜌𝜌 cos 𝜑𝜑

0 0 0 1

• Note that the last column corresponds to a spherical to cartesian transform
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Presenter
Presentation Notes
Davinet – Hartenberg transforms were developed at a mathematical tool for relating coordinate frames.
Later they were adopted for modeling kinematic linkages in robots.
Shortly thereafter were also used for modeling optical instruments.

This slide shows a simple tracker model – azimuth axis, zenith axis, and translation to the SMR.  All of the other modeling errors have been set to zero.

The last column is a spherical to cartesian transform … our original model on slide 4.



D-H Transform

• The standing axis error in modeled by adding a tilt in X after the 
zenith axis and before the translation to the SMR

• 𝑅𝑅𝑅𝑅 𝜃𝜃 ⋅ 𝑅𝑅𝑅𝑅 𝜑𝜑 ⋅ 𝑅𝑅𝑅𝑅(𝜉𝜉) ⋅ 𝑇𝑇 0,0,𝜌𝜌

• 𝑋𝑋(𝜌𝜌,𝜃𝜃,𝜑𝜑, 𝜉𝜉) = 𝜌𝜌 cos 𝜃𝜃 sin 𝜑𝜑 cos 𝜉𝜉 + sin 𝜃𝜃 sin 𝜉𝜉
• 𝑌𝑌(𝜌𝜌,𝜃𝜃,𝜑𝜑, 𝜉𝜉) = −𝜌𝜌 sin 𝜃𝜃 sin 𝜑𝜑 cos 𝜉𝜉 + cos 𝜃𝜃 sin 𝜉𝜉
• 𝑍𝑍(𝜌𝜌,𝜃𝜃,𝜑𝜑, 𝜉𝜉) = 𝜌𝜌 cos 𝜑𝜑 cos 𝜉𝜉
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Presenter
Presentation Notes
The first term in the equations looks like the spherical to cartesian transform, multiplied by a standing axis term.



Monte Carlo

• Define the Monte Carlo errors 
• 𝜃𝜃 → 𝜃𝜃 + ∆𝜃𝜃 � sin 𝜑𝜑 = 𝜃𝜃 + ∆𝑢𝑢

𝑟𝑟
sin 𝜑𝜑

• 𝜑𝜑 → 𝜑𝜑 + ∆𝜑𝜑 = 𝜑𝜑 + ∆𝑣𝑣
𝑟𝑟

• 𝜉𝜉 → Δ𝜃𝜃 cos 𝜑𝜑 = Δ𝑢𝑢
𝑟𝑟

cos 𝜑𝜑
• r → r + ∆r
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Presenter
Presentation Notes
Just like on slide 4 the errors are a nominal value plus a small variation.



Monte Carlo

• Point clouds for 1000 trials
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Presenter
Presentation Notes
Monte Carlo results show spherical point clouds at all angles.



Linear Propagation of Errors
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Presenter
Presentation Notes
This slide shows the various derivatives of the model (slide 20) with respect to Dq, Dj and Dx as functions of zenith angle.  Note that Dq and Dx are functions of Du, and Dj is a function of Dv, so the chain rule was used to compute derivatives with respect to Du and Dv.  

The derivative of Z with respect to the standing axis error, DZxu equals 0 for all values of horizontal and vertical angles.  This because the standing axis error does not change the height of the Z values in this simplified model.



Linear Propagation of Errors

• Squaring and grouping derivative terms, and multiplying by the 
square of the uncertainties
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Presenter
Presentation Notes
The squared sum for the linear propagation of errors was constant for the derivative with respect to zenith angle and range (i.e. D2j × Dv2 and D2r × Dr2).  

Derivatives with respect to lateral errors, q and x, (i.e. (D2q + D2x) × Du2) are not constant but sum to a non-zero value that varied slightly with zenith angle.  

Changing the relative values between Du and Dv will change the magnitude of Dqx2 and depth of its trough at V = 45 deg and 135 deg, but the uncertainty never goes to zero.  

The uncertainty region (i.e. point cloud) always remains 3D.



Point-to-Point Comparison
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New and Disk Models:
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New Model:
U = 0.01
Range = 0.05

Disk Model:
U = 0.00
Range = 0.01

Presenter
Presentation Notes
The on-LOS values for the S2C and new model are identical.  The difference is in the off-LOS values.  

The slide is of points near the zenith, hence the disk shape for the S2C Monte Carlo.

The statistics in the j (zenith) direction are the same, but the statistics in the q  (horizontal) direction are distinctly different.  Confidence in the horizontal separation of the points is distinctly less with the new model than the S2C solution.  That is, the separation between the two adjacent RED point clouds looks significantly different, but one may not be as confident that the two adjacent BLUE point clouds are significantly different (t-Test needed).
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Points-to-Objects Comparison
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Presenter
Presentation Notes
The statistics for points to objects can also be different for the new model and S2C Monte Carlo.  

Four circles composed of 12 point clouds are shown at various zenith angles.

The least square circle solutions for both models is the same.  The statistics can be different.

The statistics for the circles at zenith and 90 deg were identical.  The statistics for the circles at 20 deg and 40 deg were different.  Given the S2C Monte Carlo, the shapes of those point clouds changed between the “top” and “bottom” of the circles, whereas the shapes of the point clouds for the new model did not change.

In the case of LSST, the tracker measures symmetrically about zenith, so there is no change in statistics.
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Points-to-Object Comparison
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• Solutions for Spherical to Cartesian 
and New Models are the same

• Standard Deviations are different
• New model has larger Standard Deviation 

in some cases

• The analysis of disk and spherical 
shaped uncertainty clouds using 
points-to-circles evaluation in above 
figure is specific to that figure.

value (mm) Stdev (mm) value (mm) Stdev (mm)

X 0.0000 0.0055 0.0000 0.0055
Y 0.0000 0.0056 0.0000 0.0056
Z 3939.2310 0.0111 3939.2310 0.0111
Radius 694.5930 0.0038 694.5930 0.0038

X 1347.2964 0.0061 1347.2964 0.0066
Y 0.0000 0.0041 0.0001 0.0056
Z 3701.6663 0.0109 3701.6663 0.0109
Radius 694.5930 0.0033 694.5929 0.0041

X 2532.0890 0.0080 2532.0890 0.0082
Y 0.0000 0.0045 0.0000 0.0053
Z 3017.6260 0.0092 3017.6260 0.0093
Radius 694.5930 0.0034 694.5930 0.0040

X 3939.2310 0.0111 3939.2310 0.0111
Y 0.0000 0.0056 0.0000 0.0055
Z 0.0000 0.0056 0.0000 0.0056
Radius 694.5930 0.0039 694.5930 0.0040

unconstrained Radius

20 deg 20 deg

zenith

disk point cloud

zenith

40 deg

90 deg 90 deg

spherical point cloud

40 deg

Presenter
Presentation Notes
Reiterate: The analysis of disk and spherical shaped uncertainty clouds using points-to-circles evaluation in above figure is specific to that figure.  I.e. Uncertainty studies should be task specific (when possible).


Circles

				fixed Radius																		unconstrained Radius

				traditional								corrected										disk point cloud						spherical point cloud

				value		MC Stdev		LS Stdev				value		MC Stdev		LS Stdev						value (mm)		Stdev (mm)				value (mm)		Stdev (mm)

				zenith								zenith										zenith						zenith

		stdX		0.0000		0.0055		0.0054				0.00000		0.0055		0.0054				X		0.0000		0.0055				0.0000		0.0055

		stdY		0.0000		0.0056		0.0054				0.00000		0.0056		0.0054				Y		0.0000		0.0056				0.0000		0.0056

		stdZ		3939.2310		0.0111		0.0000				3939.23100		0.0111		0				Z		3939.2310		0.0111				3939.2310		0.0111

		stdR		694.5930																Radius		694.5930		0.0038				694.5930		0.0038

				20 deg								20 deg										20 deg						20 deg

		stdX		1347.2960		0.0059		0.0044				1347.2960		0.0064		0.0054				X		1347.2964		0.0061				1347.2964		0.0066

		stdY		0.0000		0.0040		0.0042				0.0000		0.0055		0.0051				Y		-0.0000		0.0041				0.0001		0.0056

		stdZ		3701.6660		0.0106		0.0016				3701.6660		0.0106		0.0020				Z		3701.6663		0.0109				3701.6663		0.0109

		stdR		694.5930																Radius		694.5930		0.0033				694.5929		0.0041

				40 deg								40 deg										40 deg						40 deg

		stdX		2532.0890		0.0081		0.0048				2532.0890		0.0082		0.0054				X		2532.0890		0.0080				2532.0890		0.0082

		stdY		0.0000		0.0045		0.0037				0.0000		0.0054		0.0041				Y		0.0000		0.0045				0.0000		0.0053

		stdZ		3017.6260		0.0092		0.0040				3017.6260		0.0092		0.0045				Z		3017.6260		0.0092				3017.6260		0.0093

		stdR		694.5930																Radius		694.5930		0.0034				694.5930		0.0040

				90 deg								90 deg										90 deg						90 deg

		stdX		3939.2310		0.0111		0				3939.2310		0.0111		0				X		3939.2310		0.0111				3939.2310		0.0111

		stdY		0.0000		0.0056		0.0054				0.0000		0.0054		0.0055				Y		0.0000		0.0056				0.0000		0.0055

		stdZ		0.0000		0.0055		0.0054				0.0000		0.0056		0.0055				Z		0.0000		0.0056				0.0000		0.0056

		stdR		694.5930																Radius		694.5930		0.0039				694.5930		0.0040





Planes

				disk point cloud						spherical point cloud

				value (mm)		Stdev (mm)				value (mm)		Stdev (mm)

				zenith						zenith

		X normal		0		0.000023				-0.000001		0.000023

		Y normal		0		0.000022				0		0.000022

		Z normal		1		0				1		0

				20 deg						20 deg

		X normal		0.342019		0.000021				0.342019		0.000021

		Y normal		0		0.000022				0		0.000022

		Z normal		0.939693		0.000008				0.939693		0.000008

				40 deg						40 deg

		X normal		0.642787		0.000017				0.642787		0.000017

		Y normal		0		0.000022				0		0.000022

		Z normal		0.766045		0.000015				0.766045		0.000015

				90 deg						90 deg

		X normal		1		0				1		0

		Y normal		0		0.000022				0		0.000022

		Z normal		0.000001		0.000023				0.000001		0.000023





ShortTrialCircles

				unconstrained Radius

				traditional										corrected										traditional										corrected										traditional										corrected										traditional										corrected										traditional										corrected

				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev				value		error		MC Stdev		LS Stdev

				5 Trials										5 Trials										10 Trials										10 Trials										20 Trials										20 Trials										40 Trials										40 Trials										100 Trials										100 Trials

				zenith										zenith										zenith										zenith										zenith										zenith										zenith										zenith										zenith										zenith

		X		0.0041		0.0041		0.0053		0.0052688161				0.0041		0.0041		0.0053		0.0052688206				0.0024		0.0024		0.0045		0.0054147909				0.0024		0.0024		0.0045		0.0054147932				0.0021		0.0021		0.0051		0.0055				0.0021		0.0021		0.0051		0.0055				0.0018		0.0018		0.0048		0.0056				0.0018		0.0018		0.0048		0.0056				0.0001		0.0001		0.0064		0.0053				0.0001		0.0001		0.0064		0.0053

		Y		-0.0008		-0.0008		0.0056		0.0052688119				-0.0008		-0.0008		0.0056		0.0052688084				-0.0020		-0.0020		0.0043		0.0054147884				-0.0020		-0.0020		0.0043		0.0054147866				-0.0022		-0.0022		0.0046		0.0055				-0.0022		-0.0022		0.0046		0.0055				-0.0010		-0.0010		0.0057		0.0056				-0.0010		-0.0010		0.0057		0.0056				-0.0001		-0.0001		0.0051		0.0053				-0.0001		-0.0001		0.0051		0.0053

		Z		3939.2331		0.0021		0.0066		-1.38E-07				3939.2331		0.0021		0.0066		-1.38E-07				3939.2336		0.0026		0.0072		-9.74E-08				3939.2336		0.0026		0.0072		-9.74E-08				3939.2333		0.0023		0.0085		-0.0000				3939.2333		0.0023		0.0085		-0.0000				3939.2338		0.0028		0.0094		-0.0000				3939.2338		0.0028		0.0094		-0.0000				3939.2318		0.0008		0.0124		-0.0000				3939.2318		0.0008		0.0124		-0.0000

		Radius		694.5933		0.0003		0.0034		0.0037256141				694.5933		0.0003		0.0034		0.0037256144				694.5918		-0.0012		0.0036		0.0038288345				694.5918		-0.0012		0.0036		0.0038288347				694.5924		-0.0006		0.0038		0.0039				694.5924		-0.0006		0.0038		0.0039				694.5928		-0.0002		0.0037		0.0039				694.5928		-0.0002		0.0037		0.0039				694.5929		-0.0001		0.0042		0.0038				694.5929		-0.0001		0.0042		0.0038

				20-degree										20-degree										20-degree										20-degree										20-degree										20-degree										20-degree										20-degree										20-degree										20-degree

		X		1347.2989		0.0029		0.0060		0.0046				1347.2986		0.0026		0.0064		0.0048				1347.2973		0.0013		0.0051		0.0046				1347.2971		0.0011		0.0053		0.0047				1347.2970		0.0010		0.0056		0.0047				1347.2971		0.0011		0.0056		0.0048				1347.2976		0.0016		0.0051392563		0.0047				1347.2976		0.0016		0.0053		0.0048				1347.2966		0.0006		0.0069		0.0043225375				1347.2966		0.0006		0.0072		0.0048

		Y		0.0010		0.0010		0.0048		0.0044				0.0017		0.0017		0.0053		0.0045				-0.0006		-0.0006		0.0042		0.0043				-0.0002		-0.0002		0.0047		0.0044				-0.0015		-0.0015		0.0039		0.0044				-0.0014		-0.0014		0.0042		0.0045				-0.0007		-0.0007		0.0041768776		0.0044				-0.0006		-0.0006		0.0045		0.0045				0.0002		0.0002		0.0039		0.0040618593				-0.0000		-0.0000		0.0047		0.0045

		Z		3701.6673		0.0013		0.0065		0.0017				3701.6674		0.0014		0.0064		0.0017				3701.6685		0.0025		0.0069		0.0017				3701.6685		0.0025		0.0069		0.0017				3701.6682		0.0022		0.0080		0.0017				3701.6682		0.0022		0.0079		0.0017				3701.6686		0.0026		0.0088674059		0.0017				3701.6686		0.0026		0.0089		0.0017				3701.6670		0.0010		0.0117		0.0015732618				3701.6670		0.0010		0.0117		0.0017

		Radius		694.5946		0.0016		0.0028		0.0033				694.5948		0.0018		0.0026		0.0034				694.5934		0.0004		0.0026		0.0032				694.5935		0.0005		0.0025		0.0033				694.5937		0.0007		0.0029		0.0033				694.5936		0.0006		0.0030		0.0034				694.5937		0.0007		0.0028919232		0.0033				694.5935		0.0005		0.0033		0.0034				694.5930		-0.0000		0.0036		0.0030564954				694.5930		-0.0000		0.0039		0.0034



		Trials		Err X		Err Y		Err Z		Err Rad

		5		-0.0004		0.0007		0.0001		0.0001

		10		-0.0002		0.0004		0.0001		0.0001

		20		0.0000		0.0002		0.0000		-0.0001

		40		0.0001		0.0001		0.0000		-0.0002

		100		-0.0000		-0.0002		0.0000		0.0000



														Traditional												Corrected

										Trials		Err X		Err Y		Err Z		Err Rad				Trials		Err X		Err Y		Err Z		Err Rad

										5		0.0041		-0.0008		0.0021		0.0003				5		0.0041		-0.0008		0.0021		0.0003

										10		0.0024		-0.0020		0.0026		-0.0012				10		0.0024		-0.0020		0.0026		-0.0012

										20		0.0021		-0.0022		0.0023		-0.0006				20		0.0021		-0.0022		0.0023		-0.0006

										40		0.0018		-0.0010		0.0028		-0.0002				40		0.0018		-0.0010		0.0028		-0.0002

										100		0.0001		-0.0001		0.0008		-0.0001				100		0.0001		-0.0001		0.0008		-0.0001



														Traditional												Corrected

										Trials		Err X Traditional		Err Y Traditional		Err Z		Err Rad Traditional				Trials		Err X Corrected		Err Y Corrected		Err Z		Err Rad Corrected

										5		0.0029		0.0010		0.0013		0.0016				5		0.0026		0.0017		0.0014		0.0018

										10		0.0013		-0.0006		0.0025		0.0004				10		0.0011		-0.0002		0.0025		0.0005

										20		0.0010		-0.0015		0.0022		0.0007				20		0.0011		-0.0014		0.0022		0.0006

										40		0.0016		-0.0007		0.0026		0.0007				40		0.0016		-0.0006		0.0026		0.0005

										100		0.0006		0.0002		0.0010		-0.0000				100		0.0006		-0.0000		0.0010		-0.0000





Traditional Zenith



Err X	5	10	20	40	100	4.1321466933551404E-3	2.4137113383251099E-3	2.0950611037046699E-3	1.7944602728962001E-3	5.5287052810861303E-5	Err Y	5	10	20	40	100	-7.9660591142420199E-4	-2.0414042459128701E-3	-2.21555725666893E-3	-9.8577465392993909E-4	-8.9464713269211295E-5	Err Z	5	10	20	40	100	2.0726064099108044E-3	2.6392686895633233E-3	2.2505529695990845E-3	2.7552543897400028E-3	7.7560936961162952E-4	Err Rad	5	10	20	40	100	2.5796076204187557E-4	-1.2127896959555073E-3	-6.4755340599731426E-4	-2.4436322394194576E-4	-1.0134833394204179E-4	Trials











Corrected Zenith



Err X	5	10	20	40	100	4.1321453698645602E-3	2.4137106765798198E-3	2.0950612469247199E-3	1.79446613411076E-3	5.5285205890340303E-5	Err Y	5	10	20	40	100	-7.9656914429561301E-4	-2.0413858623485699E-3	-2.2155450521322601E-3	-9.8577072745199509E-4	-8.9466508724170794E-5	Err Z	5	10	20	40	100	2.0726299399029813E-3	2.6392804597890063E-3	2.2505629899569612E-3	2.7552587098398362E-3	7.7560788986374973E-4	Err Rad	5	10	20	40	100	2.5795972806008649E-4	-1.2127902130032453E-3	-6.4755436198993266E-4	-2.4436363594304567E-4	-1.01347626923598E-4	Trials











Traditional 20 degrees



Err X	5	10	20	40	100	2.9382417999386234E-3	1.255689429854101E-3	1.0448489599639288E-3	1.5500009099014278E-3	6.4981793002516497E-4	Err Y	5	10	20	40	100	9.9020963927584096E-4	-6.1065419983267295E-4	-1.51509454378309E-3	-7.1020270594140402E-4	2.18101436500536E-4	Err Z	5	10	20	40	100	1.3055528897893964E-3	2.4759300399637141E-3	2.1932287299932796E-3	2.6252525299241825E-3	1.0075870200125792E-3	Err Rad	5	10	20	40	100	1.6476844050430373E-3	4.1695222603266302E-4	6.9320224508828687E-4	6.7638885104770452E-4	-4.0656556961948809E-5	Trials











Corrected 20 degrees



Err X	5	10	20	40	100	2.5797000598686282E-3	1.0764185599327902E-3	1.0607837798488617E-3	1.6033347399115883E-3	6.2540057001569949E-4	Err Y	5	10	20	40	100	1.7327195576560201E-3	-2.3939924064258101E-4	-1.35839021091284E-3	-6.4243835552385401E-4	-7.3095459779864498E-6	Err Z	5	10	20	40	100	1.4079233196753194E-3	2.5271152499044547E-3	2.2031582498129865E-3	2.6367859700258123E-3	1.0156250796171662E-3	Err Rad	5	10	20	40	100	1.7976160750095005E-3	4.9191806101589464E-4	6.0938049205105926E-4	5.1146560906545346E-4	-3.6169744930703018E-5	Trials











Corrected - Traditional

@ 20 degrees



Err X	5	10	20	40	100	-3.5854174006999529E-4	-1.792708699213108E-4	1.5934819884932949E-5	5.3333830010160455E-5	-2.4417360009465483E-5	Err Y	5	10	20	40	100	7.4250991838017912E-4	3.7125495919009194E-4	1.5670433287024994E-4	6.7764350417550009E-5	-2.2541098247852245E-4	Err Z	5	10	20	40	100	1.0237042988592293E-4	5.1185209940740606E-5	9.9295198197069112E-6	1.1533440101629822E-5	8.0380596045870334E-6	Err Rad	5	10	20	40	100	1.4993166996646323E-4	7.4965834983231616E-5	-8.3821753037227609E-5	-1.6492324198225106E-4	4.4868120312457904E-6	







Err X Corrected	5	10	20	40	100	2.5797000598686282E-3	1.0764185599327902E-3	1.0607837798488617E-3	1.6033347399115883E-3	6.2540057001569949E-4	Err X Traditional	5	10	20	40	100	2.9382417999386234E-3	1.255689429854101E-3	1.0448489599639288E-3	1.5500009099014278E-3	6.4981793002516497E-4	Err Y Corrected	5	10	20	40	100	1.7327195576560201E-3	-2.3939924064258101E-4	-1.35839021091284E-3	-6.4243835552385401E-4	-7.3095459779864498E-6	Err Y Traditional	5	10	20	40	100	9.9020963927584096E-4	-6.1065419983267295E-4	-1.51509454378309E-3	-7.1020270594140402E-4	2.18101436500536E-4	Err Rad Corrected	5	10	20	40	100	1.7976160750095005E-3	4.9191806101589464E-4	6.0938049205105926E-4	5.1146560906545346E-4	-3.6169744930703018E-5	Err Rad Traditional	5	10	20	40	100	1.6476844050430373E-3	4.1695222603266302E-4	6.9320224508828687E-4	6.7638885104770452E-4	-4.0656556961948809E-5	Trials





Standard Deviations (mm)













Conclusion

• New model for point cloud uncertainty for spherical measurement 
was shown

• On-LOS and off-LOS rays were treated differently
• Monte Carlo uncertainty clouds stayed constant at all horizontal and zenith 

angles
• Linear error propagation also stays constant at all angles

• On-LOS measurement values match other models
• Off-LOS uncertainties can differ from other models

• Uncertainties are task specific
• Compared to Monte Carlo methods the new model may converge more 

slowly than spherical to cartesian model
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